The interval reliability of a repairable system is the probability that the system is operating at a specified time and will continue to operate for a specified interval of time. This quantity is especially important for equipment, which must be working when an emergency situation arises. The present paper discusses the nonparametric estimation of the interval reliability when (i) the data on 'n' complete cycles of system operation are available, (ii) the data are subject to right censorship, and (iii) the process is observed up to a specified time 'T'. A Simulation study is conducted to assess the performance of the estimators. The proposed method is also illustrated using a compressor failure data.
Introduction
Consider a repairable one-unit system which is being activated and functioning at time 0 t  . Suppose that the state of the system at any time is either 'up' or 'down'. We interpret the 'up' state as the system is functioning and the 'down' state as the system is not functioning and undergoing repair after failure. The first 'up' and 'down' states together constitute the first cycle of the system. If we define 1 if the system is functioning at time Barlow and Porschan (1975) . The properties of these measures are usually studied using the successive failure and repair times of the system.
The estimation of various measures of the system availability has been studied extensively in recent years. The nonparametric point and interval estimation of the point availability has been discussed by Baxter and Li (1994) and Li (1999) in the case of complete and censored observations respectively. Ouhbi and Limnios (2003) constructed a nonparametric confidence interval for the point availability as a special case of Semi-Markov process. Balakrishna and Mathew (2009) studied the nonparametric point and interval estimation of the average availability. Since it is difficult to obtain closed form expressions for the point and average availability, except for few simple cases, in the literature more attention is being paid to the estimation of the limiting availability; see, for example, Mi (1995 Mi ( , 1999 , Baxter and Li (1996) , and Abraham and Balakrishna (2000) .
In the context of repairable system, another important measure of successful performance of a system is the interval reliability. The interval reliability, ( , ) R x t is defined as the probability that at a specified time 't' the system is operating and will continue to operate for an interval of duration 'x'; see, e.g., Barlow and Hunter (1961) . That is, ( , )
The interval reliability becomes simply reliability when 0 t  and point availability at time 't' as 0 x  . Thus, the interval reliability is one of the most important measures of system performance from the viewpoint of reliability and availability, and is useful in many practical situations. A typical example is the model of a standby generator, in which 't' is the time until the electric power stops and 'x' is the required time until the electric power recovers again. In this case, the interval reliability represents the probability that a standby generator will be able to operate during the interruption of the electric power (cf., Nakagawa 2005 
, where
, where  denotes the convolution operator. Now the expression for the interval reliability ( , ) R x t can be written as
For example, when 
Thus, when the sequences of failure and repair times are generated from two independent exponential distributions, the interval reliability function ( , ) R x t is the product of the point availability function at time 't', ( ) A t and the reliability function at time 'x', ( ) X F x . In general, this may not be true. However, as a combined measure of availability and reliability, the interval reliability has a significant role in the study of repairable system performance.
We consider the nonparametric estimation of the interval reliability in this paper. The organization of the paper is as follows: Section 2 discusses the nonparametric estimation of the interval reliability based on complete observations. Section 3 discusses the estimation in the case of censored observations and in Section 4, we consider the estimation in the case of continuous observation over a fixed period. A simulation study is presented in Section 5 and an application of the proposed method is illustrated using a compressor failure data in Section 6.
Estimation in the case of complete observations
Suppose that observations on the failure times X 1 , X 2 ,…,X n and the repair times The estimation of the renewal function has been discussed extensively in the literature (cf., e.g., Frees 1986; Grubel and Pitts 1993; Harel et al. 1995) . For fixed t, Baxter and Li (1994) proposed a method for constructing nonparametric confidence intervals for the renewal function which is easier to compute than that of Frees (1986) . A natural estimator for the renewal function ( ) M t is given by,
where ˆˆ( ) ( )
However, in practical applications, we compute ˆ( ) n M t using the renewal equation, which is illustrated in Section 5. We propose an estimator for the interval reliability as 
we can write
where 1 1 0 ( , ) ( )
, and 3 
I contains terms of the form
The derivation of the expression (2) is given in the Appendix.
By writing
, it is easy to see that the two terms on the right-hand side converge almost surely to the same limit by using Lemma 2.1 of Baxter and Li (1994) and hence 3 0 nI  almost surely as n   . Based on Donsker's Theorem and Helly-Bray Theorem (Billingsley, 1968) we have, 
is normally distributed with mean 0 and variance
As an application of the above result, we get
Proceeding similarly as above, it can be shown that as n   ,
Since X F  and Y F  are independent, 1 I and 2 I are also independent. This leads to the following theorem. Theorem 1. For any fixed t and x, as n   , ( i ) ˆ( , ) ( , ) R x t R x t  almost surely and
where L   denotes convergence in distribution and 
where / 2 z  denotes the upper / 2  quantile of the standard normal distribution.
Estimation in the case of censored observations
Suppose that observations on the failure and repair time are subject to right censorship. In practice, a censored failure time occurs when the system is removed before failure for some preventive maintenance and a censored repair time occurs when the repair work is terminated before the repair is completed due to some technical reason. For example see Baxter and Li (1996) and Li (1999) . Let 
In this case a nonparametric estimator of ( , ) R x t is given by , , , 
As an application of this result with Helly-Bray Theorem,
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Similarly we can show that as n   , (6) and (7) respectively.
In order to construct a consistent estimator of 2 
Estimation in the case of continuous observation over a fixed period
Suppose that the process is observed continuously over a fixed period 
An estimator of the renewal function ( )
M t in this case is given by,
As a nonparametric estimator of ( , ) R x t we consider , , (3) and (4) respectively. This leads to the following theorem.
T X T X T T R x t F t x F t x u dM u
      . (0,( , )
Theorem 3. For any fixed t and x, as
T R x t R x t  almost surely and
On replacing , , (.), (.)
Simulation Study
In this section we carry out an extensive simulation study to assess the finite sample performance of the proposed estimators in the case of i) complete observations, ii) censored observations and (iii) continuous observation over a fixed period. For computing the renewal function ˆ( ) M t , we consider an equally spaced partition of [0, ] t , 0 1 0 . . . m t t t t      , where the choice of m depends on t and on the data. Now, ˆ( ) M t is computed using the recursive relationship
For the case of complete observations, we assume that the distribution of the failure times is gamma with shape parameter 3 and scale parameter 2 and the repair times also follow a gamma distribution with shape parameter 1 and scale parameter 2. The time points t = 2.5, 5 and x = 0, 0.5 are considered for the simulation. The exact values of ( , ) R x t at these points are obtained using Mathematica. The results of the simulation study are summarized in Table 1 . Here 'n' denotes the number of completed cycles of the failure and repair times, ˆ( , ) R x t and ˆ( , ) x t  denote the average of ˆ( , ) R x t and ˆ( , )
x t  over 100 repetitions, and ( , )
L R x t and ( , )
U R x t denote the 95% lower and upper confidence limits for ( , ) R x t respectively. The values given in the parenthesis represent the mean square error (MSE) of the corresponding estimator. Table 2 . Here X % and Y % denote the average percentage of censoring rate associated with the failure time and the repair time respectively. Table 3 summarizes the result of the simulation study in the case of continuous observation over a fixed period [0, ] T using the same distributions for generating the failure and repair times as in the case of complete observations. Here ( ) N T denotes the average number of cycles completed up to time 'T'. From the simulation study, we see that even for moderate sample sizes, the proposed estimators perform well and the width of the confidence interval is reasonably narrow. 
An example of application
We carry out a data analysis to illustrate an application of the proposed estimation procedure using compressor failure data given in Table 7.1 and Table 11 .7 of Rausand and Høyland (2004) . The data consists of the operating and repair times of 90 critical failures of a specific compressor at a Norwegian process plant in the time period from 1968 until 1989. In the given data set the failure times are measured in days and the repair times are measured in hours. For the meaningful computation purpose we convert the failure time data to hours and the interval reliability ( , ) R x t is computed with t = 15, 20, 25 and x = 0, 2.5, 5, 7.5 hours. The 95% confidence intervals are also computed for the interval reliability at these time points and are summarized in Table 4 . Here, the upper limit of the confidence interval for the interval reliability,
U R x t , is greater than 1 at several time points because the estimated value of the interval reliability at these time points is near to its maximum value 1. So, if
U R x t is greater than 1, it is replaced by 1 in the Table to make meaningful interpretation. 
